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ABSTRACT

An orthogonal drawing of a planar graph G is a drawing of G such that each vertex is drawn as a point, each
edge is drawn as a sequence of alternate horizontal and vertical line segment, and any two edges do not cross
except at their common end. An L-shaped drawing of a graph G is an orthogonal drawing of G where each edge
has exactly one bend. Clearly the maximum degree of a graph G is at most 4 if G has an L-shaped drawing. It is
known that every planar graph of maximum degree 3 does not have L-shaped drawing. In this paper we study L-
shaped drawings of series-parallel graphs in variable embedding settings. We show that every series-parallel
graph of maximum degree 3 and every maximal outerplane graph of maximum degree 4 admit L-shaped
drawings.
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1. INTRODUCTION

An orthogonal drawing of a planar graph G is a drawing of G such that each vertex is drawn as a point, each
edge is drawn as a sequence of alternate horizontal and vertical line segment, and any two edges do not cross
except at their common end. Orthogonal drawings of planar graphs have been extensively studied in literature
[1, 10, 8, 7, 11]. A bend is a point where an edge changes its direction in a drawing. If an edge change its
direction once then it turns as L-shaped. An L-shaped drawing of a graph G is an orthogonal drawing of G
where each edge has exactly one bend. An edge with straight-line is not allowed in an L-shaped drawing. Figure
1(c) illustrates an example of an L-shaped drawing of the graph shown in Fig. 1(b).

If G has a vertex of degree five or more, then G has no orthogonal drawing. On the other hand, if G has no
vertex of degree five or more, that is, the maximum degree A of G is at most four, then G has an orthogonal
drawing, but may need bends. It is known that every tree with n vertices and with degree four admits a planar L-
shaped point-set embedding on every diagonal point set with n point [3]. It is known that every planar graph
does not have L-shaped drawing. Figure 1(a) shows an example of graph that does not admit an L-shaped
drawing. Rahman et. al showed that not all series-parallel graphs admit no bend orthogonal drawings [9].
Orthogonal drawings of planar graphs have practical applications in circuit schematics, VLSI layouts, aesthetic
layout of diagrams and computational geometry [10, 8, 7, 11]. The problem of obtaining an L-shaped drawing of
a given graph has important practical applications in the fields of VLSI layout where connectors are L-shaped
for some specified functions.

(a) (b) (c)

Fig. 1. (a) A graph G that has no orthogonal drawing and (c) an L-shaped drawing of the graph as shown in b).
2. MAIN RESULTS

In this paper we investigate L-shaped drawings of two non-trivial subclasses of planar graphs called series-
parallel graphs and maximal outerplane graphs. We show that every series-parallel graphs of degree 3 whose
source and sink degree 2 admits an L-shaped drawing. We also show that every maximal outerplane graph of
maximum degree 4 admits an L-shaped drawing. Furthermore these drawings can be found in linear-time.
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2.1 Series-Parallel Graphs

Apathu=uy,...,ur=vbetween vertices u and v in G is denoted by P(u, v). A graph G = (V, E) is called a
series-parallel graph (with source s and sink t) if either G consists of a pair of vertices connected by a single
edge or there exist two series-parallel graphs G ; = (V, E;), i = 1, 2, with source s ; and sink t; such that V=V,
UV,, E = E; UE,, and either s = s, t; = s;and t = t,ors =s; = s,and t = t; = t» [6]. A biconnected component
of a series-parallel graph is also a series-parallel graph. By definition, a series-parallel graph G is a connected
planar graph and G has exactly one source s and exactly one sink t.

We show that every series-parallel graph of maximum degree 3 admits an L-shaped drawing. Let G be a graph
and x be a vertex of G. If we draw x on the plane we get four horizontal vertical half lines starting form x. We
call these are ports of x. We denote four ports of a vertex x by «, f3, y and § where a, f3, y and § are the left, top,
right and down half line starting from x, respectively. We call a port p of x is closed when an edge is already
drawn using the port p in x and p is open if it is open for drawing an edge of x.

Fig. 2. (a) A series-parallel graph G (b) an L-shaped drawing of G.
We now have the following lemma.

Lemma 1. Let | be a line with slope 1. Let p and q be the two points on [ with open ports 8 and y, respectively.
Let P (u,v) = (u=uy), uy, ..., (ux=v)beapath. Then P (u, v) admits an L-shaped drawing where u and v are
drawn on the points p and q, respectively, and the vertices u 2 U3 ...,U k1 lieona line with slope 1.
Furthermore, the port 3 is open for u(2 <i <k — 2) and y is open for u; (2 < j < k —2).

Proves of lemma and theorem are omitted. Then we have the following theorem.

Theorem 1. Let G be a connected series-parallel graph of maximum degree 3, and source and sink of G with at
most degree 2. Then G admits an L-shaped
drawing.

2.2 Maximal Outerplanar Graph

A plane graph with all its vertices on the outer face is an outerplanar graph. An outerplanar graph is maximal
outerplanar graph if no more edges can be inserted without violating its outerplanar property. Let G = (V, E) be a
simple maximal outerplanar graph with vertex set V and edge set E, where |V | = n. Throughout this paper we
use deg(v) to denote the degree of the vertex v. The highest possible degree of a maximal outerplanar graph G
can be 4 for an orthogonal drawing of G. The following property of a maximal outerplanar graph is known.

Lemma 2. [4] Let G be a maximal outerplanar graph of n > 3 vertices. Then the following (i)- (iv) hold. (i) G
has 2n-3 edges; (ii) G has n—3 inner edges; (iii) G has n — 2 inner faces and each inner face is a triangle and,
(iv) G has at least two vertices of degree 2.

Although a maximal outerplanar graph is a subclass of series-parallel graph, we give an algorithm to compute an
L-shaped drawing of a maximal outerplane graph of maximum degree 4. In this section we get an L-shaped
drawing of a maximal outerplane graph whose embedding is fixed. Figure 3(a) illustrates a maximal outerplane
graph G of maximum degree 4 and Fig. 3(b) shows an L-shaped drawing of G.

In the L-shaped drawing of a maximal outerplane graph G, every vertex is placed in different horizontal line and
vertical line for n vertices and there is no gap between two consecutive horizontal lines as well as two
consecutive vertical lines, So G admits an L-shaped drawing on a grid size of O(n) x O(n).



We now have the following theorem. Proof of theorem is omitted.

Theorem 2. Let G be a maximal outerplane graph of n vertices of maximum degree 4. Then G admits an L-
shaped drawing on a grid size of O(n) x O(n) and such drawing can be computed in linear time.

Fig.3. (a) A maximal outerplane graph G of maximum degree 4 and (b) an L-shaped drawing of G.
3. CONCLUSION

In this paper we have studied L-shaped drawings of series-parallel graphs. We have shown that a series-parallel
graph of n vertices of maximum degree 3 has an L-shaped drawing and such a drawing can be found in O(n)
time. We also have given an algorithm to compute an L-shaped drawing of a maximal outerplane graph of
maximum degree 4 on a grid size of O(n) X O(n) and such drawing can be computed in linear-time.

ACKNOWLEDGMENT

This work is done in brainstorming sessions on Theoretical Computer Science and Engineering organized under
HEQEP subproject CP#2082.

REFERENCES

1. Battista, G.D., Eades, P., Tamassia, R., Tollis, I.G.: Graph Drawing: Algorithms for the Visualization of
Graphs. Prentice-Hall (1999)

2. Eppstein, D.: Parallel recognition of series-parallel graphs. Inf. Comput. 98(1), 41-55 (May 1992)

3. Giacomo, E., Frati, F., Fulek, R., Grilli, L., Krug, M.: Orthogeodesic point-set embedding of trees. In:
Kreveld, M., Speckmann, B. (eds.) Graph Drawing, Lecture Notes in Computer Science, vol. 7034, pp. 52—63.
Springer Berlin Heidelberg (2012)

4. Lee, S.M., Kitagaki, M., Young, J.: On Edge-Graceful and Edge-Magic maximal Outerplanar Graphs. Journal
of Combinatorial Mathematics and Combinatorial Computing 59, 119-129 (2006)

5. Nishizeki, T., Rahman, M.S.: Planar Graph Drawing. Lecture notes series on computing, World Scientific,
Singapore (2004)

6. Rahman, M.S., Egi, N., Nishizeki, T.: No-bend orthogonal drawings of seriesparallel graphs. In: Proceedings
of the 13th international conference on Graph Drawing. pp. 409-420. GD’05, Springer-Verlag, Berlin,
Heidelberg (2006)

7. Rahman, M., Nishizeki, T., Naznin, M.: Orthogonal drawings of plane graphs without bends. Journal of
Graph Algortihms and Applications 7(4), 335-362 (2003)

8. Rahman, M., Egi, N., Nishizeki, T.: No-bend orthogonal drawings of subdivisions of planar triconnected
cubic graphs. In: Liotta, G. (ed.) Graph Drawing, Lecture Notes in Computer Science, vol. 2912, pp. 387-392.
Springer Berlin Heidelberg (2004)

9. Rahman, M., Egi, N., Nishizeki, T.: No-bend orthogonal drawings of series-parallel graphs. In: Healy, P.,
Nikolov, N. (eds.) Graph Drawing, Lecture Notes in Computer Science, vol. 3843, pp. 409-420. Springer Berlin
Heidelberg (2006)

10. Rahman, M., Nakano, S.i., Nishizeki, T.: A linear algorithm for optimal orthogonal drawings of triconnected
cubic plane graphs. In: DiBattista, G. (ed.) Graph Drawing, Lecture Notes in Computer Science, vol. 1353, pp.
99-110. Springer Berlin Heidelberg (1997)

11. Tamassia, R., Tollis, I.G., Vitter, J.S.: Lower bounds for planar orthogonal drawings of graphs. Information
Processing Letters 39(1), 35 — 40 (1991)



	Slide 1
	Slide 2
	Slide 3

